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Abstract  
 The conventional approach for prestack modeling has been to use a two-way wave equation which unavoidably 
produces multiple reflections. In this paper, a modeling method based on the one-way wave equation is discussed. In 
the method, the receivers are assumed buried under the surface only recording primary reflected waves, and the 
recorded data are extrapolated upward in depth up to the surface. The scheme economically produces synthetic 
sections containing primary energy only. We perform the depth extrapolations using the split-step operator in the 
frequency domain, so to provide the synthetic data for evaluating some migration methods or velocity estimation 
schemes, we can compute a certain frequency band of the data, which would accelerate the algorithm greatly 
especially when dealing with 3-D data. Furthermore, the split-step operator is developed in terms of the Hartley 
transforms in place of the Fourier transforms, this leads to a more efficient and economical program. The feasibility 
of the methods is demonstrated on numerical examples. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1.  Introduction 
 Forward modeling by construction of synthetic data can be very useful in the interpretation of 
seismic time sections and also provides data for testing purposes without the cost of field acquisition. 
Some techniques which have been used for forward modeling are the finite-difference method, the finite-
element method and the pseudo-spectral method. They all involve some form of extrapolation in time 
based on the two-way wave equation which accurately describes wave propagation in complex media. 
However, the numerical solutions of the two-way wave equation are expensive and not easy to compute 
for large 3-D applications with PC-based Linux cluster machines, and another issue is that they can not 
eliminate multiples. 
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There are several depth extrapolation techniques available. The phase-shift operator[1] developed by 
Gazdag (1978) is known for its computational efficiency and accuracy from the use of a fast Fourier 
transform (FFT) algorithm. However, the operator can not handle lateral velocity variations. To 
overcome the problem, several schemes have been proposed, such as the phase-shift plus interpolation 
(PSPI) method [2]developed by Gazdag and Sguazzero (1984), the split-step Fourier (SSF) method 
[3]introduced to seismology by Stoffa et al. (1990) and the Fourier finite-difference (FFD) method[4] first 
proposed by Ristow and Ruhl (1994) that can handle strong lateral velocity variations. We favour the 
split-step method since the split-step depth extrapolation operator is an attractive operator which 
accommodates lateral velocity variations while requiring only one additional Fourier/Hartley transform 
pair per depth step. 
Hartley transform can be an attractive and replacement for the well known complex Fourier transform. 
Further, the Hartley transform can be obtained from the Fourier transform by replacing the exponential 
kernel exp( )iux  by cos( ) sin( )ux ux . Both direct and inverse transforms possess the same kernel, 
unlike the Fourier transform, and hence there is no need to keep track of i  and i  versions for 
identifying the direct and inverse transforms. The use of the Hartley transform leads to a more efficient 
algorithm. 
In this paper, we start with a review of the Fourier split-step extrapolation operator and an introduction 
to the Hartley method. Next, the idea of the forward modeling of the one-way acoustic wave equation is 
expounded. Finally, results on synthetic model and the Marmousi model are shown. 
2.  Wave Equation and the Splt-Step Operator 
The two-way wave equation reads:  
2 2 2
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where ( , , )p p x z t represents pressure, v  represents the velocity, t  is time, x  and z are horizontal 
and vertical distances, respectively, and ( , , )s x z t  represents the source item which equals the 
divergence of the body forces[5] (Kosloff and Baysal,1982). 
The two-way wave equation can be approximately factored into an up-going and a down-going 
equation. The one-way up-going equation in two dimensions is 
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in which ( , , )xP k z Z  is the two-dimension Fourier transform of ( , , )p x z t  with respect to variables x  
and t . 
We first express the split-step scheme in terms of the Fourier transform. The slowness ( , )u x z is 
decomposed into two components: 
),()(),( 0 zxuzuzxu '                                                                                                       (3) 
where 0 ( )u z is the mean slowness of the layer at depth z .With the seismic wave field ( , , )p x z Z  at 
depth z  in the frequency domain, the continuation step consists of two operations. First a phase shift is 
applied to the wave field in the ( , )xk Z  domain: 
zikzezkPzkP ' 0),,(),,(1 ZZ                                                                                                  (4) 
Where 2
0 0 0( ) 1 ( ( ))zk u z k u zZ Z  . Second each trace is individually time-shifted applying the 
slowness perturbation: 
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The implementation of the split-step operator using complex Fourier transform that carries Hermitian 
symmetry on real-valued wave field leads to redundant operations and memory allocation. The Hartley 
transforms can be used to optimize such codes. The 1-D direct and inverse Hartley transform s of a real 
function are given by 
1( ) ( ) ( ) ,
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                                   (6) 
with the real-valued Hartley kernel cas(ux)=cos(ux)+sin(ux) (Bracewell, 1986). The forward and 
backward transformations have the same form. Satisfying similar theorems equivalent to those of the 
Fourier transform, the Hartley transform can replace the fast Fourier transform in virtually any 
application that involves real-valued data. Equation (4) and equation (5) can be expressed in term of the 
Hartley transforms as 
)sin(),,()cos(),,(),,( 001 zkzkPzkzkPzkP zz '' ZZZ                                                                 (7) 
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3. One-way wave equation modeling method 
The conception of the method is illustrated in a simple point shot example as shown by Figure 1. The 
shot source S is excited and the receiver R receives the reflected wave from the reflection point G. We 
can also bury the receiver at depth Z1 and extrapolate the recorded data by the receiver RĄto the surface. 
And the final data is equal to that recorded by the receiver R. This implies that we can further bury the 
receiver at a larger depth. Practically in our methods, the receivers are first set at the maximum depth. 
However, it doesn’t mean we use a two-way waves time stepping scheme recording the reflected waves 
at the maximum depth and then extrapolating the data in depth to the surface. If so, some problems may 
occur. The receivers would not receive any primary reflected waves. On the contrary they only receive 
multiples and the primary waves. During the following depth extrapolation the recorded data would bring 
more complex wave phenomenon. Utilizing a one-way depth extrapolation scheme can avoid those 
troubles. 
First, the initial source wave field ( , , )s x z t is transformed to the frequency domain and then 
extrapolated downward to the maximum depth Zmax using a down-going split-step operator. If the 
recording points are at the maximum depth, the recorded data in the frequency domain would be 
)(),,(),,( zRzxSzxP ZZ                                                                                                       (9) 
where R(z) represents the reflection properties at the same depth level z. 
Next, the extrapolations are followed. Each iteration (each depth step) consists of two operations. The 
recorded data are extrapolated upwards using the split-step operator and the source wave is extrapolated 
backward using the downward split-step operator; then the reflected data obtained by applying equation 
(10) are added to the extrapolated data as the new recorded data. These operations are facilitated by 
having the horizontal mesh increment equal to the reflection properties trace separation and the depth 
digitization increment of the reflection properties data equal to the depth step in extrapolation. When the 
data have been extrapolated to the depth z=0, they are transformed to the time space domain to get the 
final recorded data. Since the extrapolation process is completed in the frequency domain, we can 
compute only a certain frequency band of the data for testing purposes. If enough hard disk space is 
available, the source wave fields can be saved first at each depth step when extrapolated to the maximum 
depth and are retrieved in the second step without the cost of the backward extrapolations. 
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FIG. 1. After the earth filtering the source wavelet S reaches the reflector G and the reflected wave is received by the receiver Rƍ and 
R. 
4. Example 
This and the following example test the numerical algorithm. The source pulse is a Ricker wavelet with 
peak frequency 30 Hz. A model with five layers as shown in Figure 2 was used as the first example. The 
velocities are 2600 m/s, 3100m/s,3500m/s, 4100m/s,4500m/s and 2600m/s from the upper layer to the 
bottom layer. The scheme that velocity of the bottom layer is the same as the first layer is not necessary 
in the one-way modeling method. It is to avoid the influence of the periodicity of the Fourier transform in 
the pseudospectral method since the pseudospectral method is also performed on the model to compare 
the one-way and the two-way method. The calculation used 256 150u mesh points with grid spacing of 
25m in both the x  and the z  directions. The length of the recorded data is 800 with time interval 0.2ms. 
To avoid boundary reflections, an absorbing boundary as a 20-point weighting function 
[6] 2 2exp( 0.015 (20 ) ), ( 1,2..., 20)i i    (Cerjan et al, 1985) is applied to the wave field on the 
lateral edges of the spatial grid. 
Figure 3a-3c display three data section with source excited at 1.25km, 2.5km and 4.75km, respectively. 
Full frequencies of the data are calculated. The corresponding data sections using the pseudospectral 
method are shown in Figure 3d-3e. It is obvious that the one-way modeling method produces superior 
data sections to that obtained by the two-way modeling method. 
To show the evolution of the wave, the snapshots can be made by extracting the data with fixed time 
(frequency) from the summation of the two wave fields at each depth.  Figure 4a and 4b represent the 
snapshots for t=0.75s and t=1s, respectively. The corresponding snapshots obtained by the pseudospectral 
method are displayed in Figure 4c and 4d as a comparison to the one-way method. We see that the wave 
fields by the one-way modeling method only contain the primary wave and the primary reflected waves. 
This example shows that the one-way modeling method models the wave well. 
The second example is based on the Marmousi model. The velocity model is shown in Figure 5a. 
Figure 5b show the data section with shot at 4.6km. For other shots, only the frequency band [0,50] of the 
data were computed. The areal shot-record migration (Berkhout, 1992) based on the Fourier finite-
difference operator was carried out on the data obtained by our scheme and the conventional finite-
difference methods with frequencies from 5 to 45 Hz, respectively. And the two resulting depth sections 
obtained by stacking 30 individually migrated areal shot records are shown in Figure 5c and 5d. Figure 
5c shows better imaging result. It implies that the one-way modeling method produces high signal to 
noise modeling data. 
5. Conclusion 
We have presented a forward modeling algorithm based on the one-way wave equation. In the 
scheme, extrapolations continue in depth, this is in contrast to the conventional schemes that involve time 
stepping. The one-way modeling method is not as accurate as the two-way method and can not handle 
steep dip angles. However, the method only record primary waves without the influence of multiples in 
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an economical way. And the method can compute only a certain frequency band of data, which is of great 
help to provide huge amount of date for testing purposes. The feasibility of this algorithm has been 
demonstrated by numerical examples. 
If the source wave fields at each depth are stored on the hard disk, one third of computations can be 
saved. Even if not enough storage requirements are available, the algorithm still has a high efficiency. 
The utilization of the real-valued Hartley transform reduces the computing time and storage requirements 
which is especially important in 3-D data processing. 
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FIG. 2. A five layered model is used to test the feasibility of the method. 
 
 
FIG. 3. Recorded data with source excited at 1.25km, 2.5km and 4.5km, respectively. a-c are the result obtained by the one-way 
modeling method and d-f are the result obtained by the pseudospectral method. 
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FIG. 4. Snapshots showing the evolution of the wave from a point source at 4.75km for the time 0.75s and 1s, respectively. A and b 
are obtained by the one way modeling method while c and d pseudospectral method. 
 
    
FIG. 5.  The Marmousi model is used to test the method. (a) is the velocity model. (b) is the  depth section by stacking 30 
individually migrated areal shot-records using the resulting data. (g) is the depth section obtained by stacking 30 individually 
migrated areal shot records using the finite-difference modeling data. 
